Abstract: Two methods for determining semiconductor laser linewidth using the transmission-line laser model (TLLM) are developed. The first is a semianalytical method suitable for DFB lasers. The second uses Fourier transforms to extract the laser spectrum from the simulated optical field, and is suitable for any laser structure. A technique for increasing the accuracy of this second method has been developed. Extensive comparisons with previous work verify the accuracy of both methods. Narrow linewidth lasers are important for coherent optical communication systems and for fibre-optic sensors, as the ratio of data-rate to linewidth determines the error rate and sensor accuracy [ 11. There has been much interest in the design of narrow linewidth lasers, and in predicting the linewidth of common laser structures. DFB lasers are of particular interest at present, particularly phase-shifted lasers that give single-mode operation, and a significant reduction in linewidth over Fabry-Perot lasers. The determination of the linewidth enhancement factor by Henry [2] was a major step in the development of linewidth theories for semiconductor lasers. Since then, many linewidth prediction theories have been developed based on Henry's formula [3-61. Linewidth prediction is a challenging problem to many semiconductor laser models, particularly for complex structures. Much effort has been put into developing models that can match experimental measurements, and include detailed structural effects.
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Introduction structures accurately. The methods are: (a) the photon number method, where the linewidth of DFB lasers is calculated using Henry's expression [2] with some modifications made to it (b) the curve fitting method, where a Lorentzian function is fitted to the TLLM generated optical spectrum to calculate the linewidth of arbitrary laser structures. These methods show that the same TLLM code can be used to predict linewidths as can be used to predict large-signal and other features of laser behaviour. The main aim of this linewidth calculation is to verify that the dynamic simulation gives the correct spectral behaviour as compared with established theory and experiments. Once this is established, we can use the model as a part of large systems simulations. Knowing the linewidth calculation is correct is a valuable check of the model's spectral behaviour. Therefore, it increases confidence in using the model for BER test and eye-diagram simulations.
Narrow linewidth lasers are important for coherent optical communication systems and for fibre-optic sensors, as the ratio of data-rate to linewidth determines the error rate and sensor accuracy [ 11. There has been much interest in the design of narrow linewidth lasers, and in predicting the linewidth of common laser structures. DFB lasers are of particular interest at present, particularly phase-shifted lasers that give single-mode operation, and a significant reduction in linewidth over Fabry-Perot lasers. The determination of the linewidth enhancement factor by Henry [2] was a major step in the development of linewidth theories for semiconductor lasers. Since then, many linewidth prediction theories have been developed based on Henry's formula . Linewidth prediction is a challenging problem to many semiconductor laser models, particularly for complex structures. Much effort has been put into developing models that can match experimental measurements, and include detailed structural effects.
The transmission-line laser model (TLLM) is a comprehensive and flexible large-signal laser model that can be applied to many laser structures. However, until now, the TLLM has not been used to determine laser linewidths. In this paper, two methods of using the TLLM for linewidth prediction are presented. These are shown to predict the linewidth of complex laser 
linewidth
Haug and Haken [7] added terms to the modified Schawlow-Townes linewidth formula [8] to account for linewidth broadening in semiconductor lasers. The first was a population inversion factor which accounts for the nonzero carrier density for transparency. The second was a linewidth enhancement factor a which increases the modified Schawlow-Townes linewidth by a factor of 1 + a2. However, they predicted that the linewidth enhancement factor was insignificant (<< 1). Henry [2] showed that the a factor could be significant, and confirmed the linewidth enhancement to be 1 + a2.
Henry's formula for the FWHM linewidth A V is

Analytic expression for single-mode laser
where vg is the group velocity of optical field in the laser cavity, ai the absorption and scattering loss factor in the cavity, a, the mirror loss at the facets, rzsp the population inversion factor, S# the total photon number in the lasing mode and a the linewidth enhancement factor.
The product vJai + a,)n, is the spontaneous emission rate into the lasing mode. Although the expression was derived for Fabry-Perot lasers, it also holds approximately for DFB lasers [l, 41. For DFB lasers, the a, term represents the effective mirror loss contributed by the grating.
A further correction to the linewidth formula (eqn. 1) uas suggested by Petermann et al. [3] to account for enhanced spontaneous emission introduced by the lateral field distribution, denoted by K,,, and the longitudinal field distribution, denoted by K,, within the laser cavity. For index-guided lasers, K,, is unity and only K, h,as to be accounted for. K, is small for Fabry-Perot lasers, where the power is reasonably longitudinally homogeneous, but is quite significant for DFB lasers. In Petermann's derivation, spatial hole-burning (SHB) was not considered. Goldberg et al. [9, lo] have derived Petermann's K-factor by a different approach and showed how this factor is modified when the effects of gain saturation and SHB are included. It was shown that SHB further enhances the K-factor and hence the spectral linewidth. Amann [4] showed that for DFB laser linewidth calculations, an effective a-factor a,# should be used in eqn. 1. Eqn. 1 is then modified and becomes
where K, is the linewidth corrector factor that includes the longitudinal field enhancement factor and the effect of' SHB. Amann showed that aefl usually differs from the material a, and the difference can be significant. Howehcr, the aef equals the material a when mphase shift is applied to the grating at the DFB laser centre (a quarter-wave shifted laser). where PI (P2) is the output power from the rear (front) facet, vg is the group velocity of the optical wave in the laser cavity, h is the Plank's constant, v is the mode frequency and S# is the total number of photons in the lasing mode.
With symmetrical laser structures, P I is usually equal to P2. The TLLM was modified to give the evolution of the number of photons in the time-domain, hence the average photon number can be obtained and gives aril, using eqn. 3.
Petermann et al. [3] has shown the relationship between the amLR product and the coupling strength for uniform and N4-shifted DFB lasers. Fig. 1 shows the mirror loss using the TLLM and eqn. 3 compared with Petermann's results ( Fig. 1 in [3 lasers. However, for hI4-shifted DFB lasers, Whiteaway et al. [5] have shown that a coupling strength of 1.25 gives the least SHB, but beyond this value the SHB increases significantly as the coupling strength increases. As expected, the discrepancy in Fig. 1 increases as the coupling strength increases while there is good agreement for low coupling strengths. 
Fig.2 Whiteawayi linewidth correction factor, also used in the TLLMj. photon number linewidth calculation method
Although the TLLM already includes the longitudinal field enhancement factor in its noise model, this factor is not included in the results from the photon number method since longitudinally-averaged and time-averaged photon numbers arc used rather than the noise-driven optical field. This factor has to be included in our calculation. Whiteaway et al. [5] have calculated the linewidth correction factor, which includes the effects as described by Petermann et al. and also has the SHB taken into account, for W4-shifted DFB lasers. Fig. 2 is the correction factor for a 600pm and a 1 0 0~ W4-shifted DFB laser obtained from [5] . These correction factors were used in the photon number method for linewidth calculations in this paper. The factors shown in Figs. 1 and 2 were obtained from the longitudinally-averaged field distribution. They depend on both the coupling strength and the longitudinally-averaged carrier density. However, the average carrier density above threshold does not vary significanfly, nor does the longitudinal profile of the carrier density (due to SHB) for reasonable output powers. Therefore, the bias level does not have a significant effect on these factors.
time after laser turned on,ns The next parameter needed in the photon number method is the effective linewidth enhancement factor a,? Lowery [ll] calculated the large signal aCff factors offcomplex-coupled DFB lasers from the turn-on transient using the TLLM. Assuming Gaussian pulses and linear chirp, the aeff is given by [l I] where AT is the full-width-half-maximum (FWHM) pulse width of the first pulse of the transient, and the optical chirp width AF is the difference between the maximum and minimum frequency during the first pulse. The aefl of a U4-shifted DFB laser was calculated with several material a-factors. Fig. 3 shows the first pulse of the output power and Fig. 4 shows the corresponding frequency chirping. Fig. 5 shows the results of the calculation of the effective a for five values of material a-factors. The results show that for U4-shifted DFB lasers, the effective a-factor is the same as the material a-factor, which agrees with Amann's [4] result.
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The photon number method was used to calculate the linewidth of an AR-coated U4-shifted 1550nm DFB laser with 600pn cavity length and was compared with the results of Whiteaway et al.
[SI. 30 model sections were used in the simulation. The active region was 0 . 1 8~ thick, 3 . 5~ wide, with an optical confinement factor of 0.35 and a group index of 3.7. The coupling strength was 1.7, the waveguide losses 4000m-', and the material linewidth enhancement factor 4.86. The linear material gain coefficient was 3 x 10-*Om2, nonlinear gain coefficient 3 x 10-23m3 and the transparency carrier density 1.5 x 1024m-3. The linear recombination coefficient was 2.5 x logs-'. The population inversion parameter was 2.6. Results of photon number method ""I The Fig. 19 of [5] . The results are in good agreement; the error was less than 10% in all cases, which could be due to inaccurate reading of Whiteaway's correction factor.
There has been a comparison of semiconductor laser models within the European-Union's COST-240 collaboration [12] . Nine different models were involved in the comparison of linewidth. Here we compare the result obtained with the TLLM with their results. The device simulated was an AR-coated W4-shifted 1560nm DFB laser with a cavity length of 3 0 0~. The active region wds 0 . 2~ thick, 1 . 5~ wide, with an optical confinement factor of 0.3 and a group index of 3.6. The coupling strength was 2, the waveguide losses 5000m-' and the material linewidth enhancement factor 4.8233. The linear material gain coefficient was 2.5 x 1OP2Om2, the gain compression factor 3 x 10-23m3 and the transparency carrier density 1024m-3. The linear recombination, bimolecular recombination and Auger recombination coefficients were 108s-', 10-16m3s-' and 7.5 x 104'm6s-', respectively. 30 model sections were used in the simulation. The population inversion parameter was 2.0. The linewidth correction factor was estimated from Fig. 2 , which is about 1.3 f 0.05. obtained from the TLLM and the two lines are the two extreme values obtained by COST-240 models. The TLLM results are within these limits.
Linewidth prediction by curve-fitting to a noise-driven spectral simulation
The TLLM produces the optical field in the time domain which is driven by noise. The optical field can be Fourier transformed to obtain the optical spectrum of the laser output. The TLLM already includes the longitudinal field enhancement factor, the effect of SHB and the effective linewidth enhancement factor. Hence, the linewidth of the optical spectrum obtained by Fourier transforming the optical field should be the actual linewidth of the laser. A similar technique was used by Carroll and Probert [13] to examine the output of a single-mode laser model. This method should have the advantage over the photon number method that any cavity, such as multiregion, multicontact and multiresonator cavities, can be examined. The method used here is to run the TLLM for a large number of iterations such that after Fourier transforming the optical field, the required resolution can be obtained in the frequency domain. The spectrum is then fitted with a Lorentzian function and the -3dB FWHM linewidth of the Lorentzian function is calculated to give the linewidth of the spectrum.
In the TLLM, a random-value current source is used to model the spontaneous emission into the laser cavity [14] . The magnitude of the noise source can be related to the simulated gain found using Henry's result on open cavities [15, 161. Henry [16] showed that the noise, over a bandwidth of A h from a perfect travelling-wave laser amplifier (TWLA) is given by 9 p, = hvAfn,,(G -1 ) -
where hv is the photon energy, nsp is the population inversion parameter, G = exp[(g -a,,)ll is the power gain across the cavity length 1, a, is the waveguide attenuation factor, g = aT(N -No) is the gain factor, a is the linear material gain coefficient, r is the optical confinement factor, N is the carrier density in the conduction band and No is the transparency carrier density. The mean square of the random current source for one model section of length AL can be found from eqn. 5 with 1 = AL for a perfect TWLA, over the model's bandwidth 1/2AT, where AT is the iteration time step, giving [ 151
AL where vg is the group velocity of the optical field, m is the a unity constant with a dimension of length, 2, is the the transverse wave impedance of the guide, IY is the width of the active region and d is the depth of the active region.
Lowery [15] has shown that using eqn. 6 in the noise model gives accurate results for TWLAs and FabryPerot laser amplifiers (FPLAs), even when a small number of model sections is used. When simulating DFB amplifiers, however, he showed that more sections are required to obtain good agreement with lhe results of Makino and Glinski [17] . DFB lasers are modelled using TLLM with additional scattering matrices placed between the main scattering nodes [18] . These represent the scattering which would occur at impedance discontinuities along the waveguide. To model the cross-coupling accurately, in theory two model sections are required per grating period, which would give a near-impossible computational task [19] . However, it was also shown that a small number of cross-coupling points can mimic the wavelength response of a DFB laser grating over a limited bandwidth [18] , provided that the coupling per unit length is kept as in the real device. This is called 'under-sampling'. With undersampling, the number of sections required is reduced by tens to hundreds of times. A model with 30 -40 sections would generally be enough for modelling the DFB characteristics with good accuracy [20] .
To simulate the optical spectrum with sufficient resolution to determine the linewidth, a large number of iterations is required. For instance, if the resolution required is lMHz, and if the time step AT for a 40-section model is 0.12ps, the required number of iterations is about 8 x lo6. Reducing the number of model sections by half can reduce the number of iterations by half and reduce the computation time by
To help reduce the computation time while retaining accuracy, the spontaneous emission noise model of the TLLM was modified. The idea is to calculate a compensation factor analytically in each section to compensate for the error in spontaneous emission, which is introduced by the undersampling, and multiply the noise power by this factor. Starting from Henry's formulation [16] of noise power over a bandwidth of Af, and considering a model section as a uniform DFB structure with antireflection coated facets with length AL, the following expression for the noise power is obtained:
75% [19] . is the net field gain and is given by (11)
y is the effective propagation constant, which can be represented by the sum of real and imaginary components
where the square of the real part is
[( and the square of the imaginary part is
The new mean square of the random current source becomes When the coupling strength equals zero, i.e. a FabryPerot laser, eqn. 15 is equal to eqn. 6. Also, when the number of sections increases, the expression in eqn. 6 approaches that of eqn. 15. to the values of eqn. 6 for a N6shifted DFB laser with KL = 1.8, using 20, 60, 80 and 100 sections, at the same output power. The correction factor is positiondependent and becomes significant for a small number of sections. The case of a Fabry-Perot laser, using 30 model sections, is also shown in the same plot.
Simulation results of curve-fitting method
The spectra of the COST-240 AiCshifted DFB laser with three different values of coupling strength were simulated and compared with the results obtained analytically using eqn. 2. Twenty model sections were used and the time step was 0.247~s. The first 20000 iterations were discarded and the model was run for a further 4050 000 iterations. After Fourier transformation, the resolution of the spectra was about 1MHz. An aiveraged spectrum was obtained by box-car averaging 10 spectra. Therefore, the total of number of iterations required to obtain one averaged spectrum is over 40 x lo6. Lorentzian functions were fitted to the spectra around the main peak. The power spectral density of a Lorentzian curve is given by [21] where lF(w)l2 is the optical spectrum of a Lorentzian function, Ely is the amplitude of the function, y is the FWHM linewidth of the function and coo is the centre frequency. The Lorentzian function was fitted by varying E, y and m0 to minimise the mean square of the error over all frequencies. Figs. 9-1 1 show the best-fit Lorentzian fiinctions and the simulated spectra of the DFB laser with coupling strengths equal to 1.02, 1.45 and 1.8. Table 3 summarises the results. The small discrepancies obtained from the curve fitting method (maximum 2.3%) confirm that the TLLM already includes the longitudinal field enhancement factor, and that SHB is taken into account. 
Conclusions
We have presented two linewidth prediction methods based on the transmission-line laser model. In the first, the TLLM was used to extract parameters of different DFB laser structures and a photon number method as used to predict the linewidths efficiently. Comparisons were made with published results and excellent agreement with discrepancies of only a few percent were obtained. In the second, a curve-fitting method was also used to determine the laser linewidth by fitting a Lorentzian function to the spectra obtained from Fourier transforming the TLLM-calculated optical field. The TLLM noise model was modified to allow fewer sections to be used for spectral simulation. The linewidth found by the curve-fitting method was within 2.3% of that predicted by the modified Henry formula. A comparison was made between the two linewidth prediction methods. The agreement between the two methods shows that the photon number method is very efficient, however, the curve-fitting method is more general. These methods are summarised in Since averaged values of the TLLM output is used, the longitudinal field enhancement factor is not included. A linewidth correction factor K, which includes the longitudinal field enhancement factor and SHB effects, was obtained from published results [51.
Using eqn. 2 and S#, f,,(2,, a,,,, a,, and K,
P7.w (eqn. 3)
Around 30000 iterations are required t o obtain the turn-on transient and the averaged power and photon numbers. Needs about 1.5 min using a SPARC 10 workstation
Within f 10% compared with a transfer matrix method and within the limits of nine different models of the European COST-240
Quick, but assumes a correction factor
Optical field waveform
Fourier transformation of the optical field to obtain the optical spectrum
No assumption since the TLLM includes the longitudinal field enhancement, effective linewidth enhancement factor and the SHB effects.
A modification t o noise sources to account for the undersampled grating enhances accuracy Fit a Lorentzian function to the optical spectrum and find the linewidth of the function Over I O 6 iterations are required, depending on the resolution needed, to generate the optical field waveform FFT of the I O 6 optical field data points t o obtain the spectrum
Requires about 2h using a SPARC 10 workstation t o obtain one spectrum. Therefore, it takes 20h to obtain an averaged spectrum
Within -c 2.3% compared with the photon number method ADolicable to anv structure
